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A STUDY OF THE COLLAPSING PRESSURE OF
THIN-WALLED CYLINDERS
I. INTRODUCTION
1. Resumg of Previous Work.-The problem of determining the
external pressure at which a thin-walled cylinder will collapse con-
fronts the designers of boilers, penstocks, vacuum tanks, and similar
units of construction. In the design of hydro-electric or water sup-
ply projects, problems of determining the collapsing pressure of thin-
walled pipe and of evaluating the effect of stiffeners upon the strength
of the pipe are frequently encountered. Many industries using dis-
tillation processes under partial vacuum are confronted with the
problem of designing tanks to withstand external pressure. The
design of submarines involves the same problem under complicated
conditions.
Many experiments have been made to determine the collapsing
pressures of small pipe'* such as boiler tubes2 or similar tubes 3 and
of heavy-walled lap-welded steel pipe4, but the conditions encoun-
tered in large flumes, submarines, and tanks have not been studied
until recently. Such tests have been made at the A. 0. Smith Cor-
poration5, and at the U. S. Experimental Model Basin 6. Tests also
have been made to determine the buckling strength of thin cylin-
ders subjected to axial loads. Such tests were made for the purpose
of obtaining a guide in estimating the strength of airplane fuselages8', 9,
standpipe shells 10 , and to substantiate a new theory for the buckling
of thin cylinders under axial compression and bending."
Theoretical analyses of the behavior of cylinders under external
pressures have also been made by a number of investigators. Bryan12
obtained (in 1888) the expression for the collapsing pressure of long
thin tubes by means of the energy criterion for instability. Southwell13
obtained (in 1913) an expression for the collapse of short tubes which
showed that such tubes may buckle into more than two lobes. Un-
fortunately, his expression contained an unknown parameter. A
value for this parameter was determined (in 1914) by G. Cook 15 for
the case of hinged edges and lateral pressure only. R. von Mises de-
rived (in 1914) an equation for the collapsing strength of short thin
tubes simply supported at the edges, and subjected to lateral pres-
sure only e6 , which did not contain any undetermined constants.*
Later (in 1929) he extended his work to include both lateral and end
*This and similar numbers refer to the bibliography at the end of the bulletin.
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pressures"7. In 1920 Sanden and Gunther 18 used von Mises' formulas
in studying the behavior of stiffened thin cylinders under uniform
external pressure. In 1922 Westergaard 20 presented a general con-
ception of the buckling of elastic structures which included general
equations for the gradual buckling of imperfect specimens or those
with eccentric loading. In 1929 Tokugawa presented a paper 19
giving a derivation of a formula for the collapsing pressure of cylin-
ders which includes a "frame factor" applied to the length. This
frame factor is determined experimentally. T'he paper also included
a study of the effect of stiffening rings upon the strength of the shell.
2. Purpose and Scope of Investigation.-The purposes of the study
herein presented are
(a) to analyze the elastic behavior of thin circular cylindrical
shells subjected to uniform external pressure, and to determine the
pressure at which such shells collapse for simply supported and for
fixed edges; extensions in the analysis are made for plastic behavior
of the material, for "out-of-roundness" of the cylinder, and for
stiffening effects of ring stiffeners;
(b) to study experimentally the behavior of thin-walled tubes
under uniform external pressures, for comparison with the results of
the theoretical analysis.
3. Acknowledgment.-The investigation herein reported is a part
of the thesis presented by the author in partial fulfillment of the
requirements for the degree of Doctor of Philosophy in Engineering
at the University of Illinois in 1936.
The analytical work in the thesis and the experimental work on
the steel cylinders was done under the general guidance of H. M.
WESTERGAARD who at that time was Professor of Theoretical and
Applied Mechanics at the University of Illinois. The experimental
work on aluminum alloy cylinders was carried out in the Research
Laboratories of the Aluminum Company.
The author wishes to express his gratitude to Professor H. M.
WESTERGAARD for his advice and guidance; to M. L. ENGER, dean
of the College of Engineering, and to F. B. SEELY, head of the De-
partment of Theoretical and Applied Mechanics, for their encourage-
ment and assistance; to the Aluminum Company of America for the
"use of its facilities; to Dr. F. C. FRARY, Director of Research and
Mr. R. L. TEMPLIN, Chief Engineer of Tests of the Aluminum Com-
pany of America, for their cooperation; and to Mr. C. DUMONT,
also of the Aluminum Company for his assistance with the tests.
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In editing the thesis for this bulletin of the Engineering Experi-
ment Station, W. L. SCHWALBE, Associate Professor of Theoretical
and Applied Mechanics, extended the analysis of the problem to
obtain the effect of certain terms that were neglected in the sim-
plifying assumptions made in the thesis. The analysis herein pre-
sented, therefore, contains some additions to that presented in the
thesis, but the final results are substantially the same. The author
greatly appreciates the careful analysis given the subject by Pro-
fessor SCHWALBE.
II. THEORETICAL ANALYSIS
4. Basic Arguments and Assumptions.-The general procedure
followed in this investigation is to derive expressions for the col-
lapsing pressures of round cylindrical shells of elastic materials, and
to treat deviations from these conditions as extensions of the first
derivation.
The argument used in determining the collapsing pressures is as
follows: Consider the cylinder deflected into some shape such that
the differential equations of continuity and equilibrium combined,
together with the boundary conditions, are satisfied. If the external
forces necessary to hold the shell in the deflected position are inde-
pendent of the magnitude of the deflections as long as they are so
small that they do not materially change the general shape of the
shell, then the shell is in a state of neutral equilibrium. The lowest
pressure at which neutral equilibrium may begin is the critical or
collapsing pressure of the cylinder. Below the critical pressure the
equilibrium is stable, above the critical value the equilibrium is
unstable.
The assumptions involved in setting up the general differential
equations are as follows:
(1) The shell is a round cylinder before buckling.
(2) The shell is of uniform thickness throughout.
(3) The material in the shell is homogeneous and isotropic, and
is elastic according to Hooke's law.
(4) The thickness of the shell wall is small compared to the
diameter, so that the distribution of normal stress over the thickness
may be assumed as linear.
(5) As a consequence of the preceding assumption, the radial
stress, aZ, is negligible compared to the circumferential and longi-
tudinal stresses, and the radial shearing detrusions are zero.
(6) Displacements are small compared to the thickness so that
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FIG. 1. SYSTEM OF COORDINATES
certain small quantities may be neglected. Neglections are indicated
in the development of the analysis.
5. System of Coordinates.-The system of cylindrical coordinates
used to define and locate any particular element of shell is indicated
in Fig. 1. The whole system is based on a reference cylinder the
radius of which is the average mean radius of the actual shell, and
the longitudinal axis of which coincides with that of the actual shell.
The origin of coordinates is taken on the cylinder of reference, at
the point of maximum radial displacement of the deflected shell,
and midway between the ends of the cylinder.
The y-axis is parallel to the axis of the shell, and lies on the cylin-
der of reference, positive toward the reader.
The s-axis lies on the circumference of a right section of the
cylinder of reference, positive in a clockwise direction. The coordi-
nate is s= RO where R is the radius of the cylinder of reference,
and 0 is the angle subtended by s in a right section of the cylinder
of reference.
The z-axis coincides with the radius of the cylinder of reference,
the radial displacement z being measured positive outward.
The meanings of all symbols used in the subsequent pages are
given in the following section.
6. Notation.-In the discussion the following notation is used:
A = constant (indeterminate in magnitude at collapse), repre-
sents the maximum value of deflection
A. = maximum initial departure from a round cylinder
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a, b, c = arbitrary numerical constants determined from boundary
conditions and the general differential equation
B, C = constants determined by the differential equations
D = diameter of cylinder, inches
E = modulus of elasticity of the material in the shell or in the
stiffener, lb. per sq. in.
E' = effective modulus of elasticity, lb. per sq. in.
El = tangent modulus for the average stress, S 1, in the plastic
range, lb. per sq. in.
EI, = flexural rigidity of combined stiffener and shell in length,
L,, lb.-in. 2
t3
I = - = moment of inertia per unit of length of shell, in.
12
I, = moment of inertia of combined stiffener and plate, in.4
K = numerical coefficient dependent upon the ratios of L/D and
D/t such that W, = KE (--
D ,
K 1, K 2, K', K", Ki', K 2', Ki", K 2 " = numerical coefficients, depend-
ent upon the ratios of LID and D/t used in evaluating K
L = length of cylinder, inches
Lo = length of one wave under end load only, inches
L, = stiffener spacing, inches
M,e = bending moment in the stiffener, in.-lb.
N = number of lobes into which the shell collapses
P = end load in addition to external pressure, lb. per linear inch
Pc = end load causing collapse, end load only, lb. per linear inch
Q = the elastic limit of the material in the shell, lb. per sq. in.;
this value may be taken as 1.1 times the proportional limit
as determined by Tuckerman 32
R. = radius from center of cylinder to the centroid of a right sec-
tion of the stiffener and the plate effective with it, inches
r, r' = numerical ratios dependent on R/L and N introduced by
loading conditions
S = maximum total stress in the shell (direct stress and bending),
lb. per sq. in.
S = allowable total stress in an out-of-round shell, lb. per sq. in.
S1 = average stress in the shell, lb. per sq. in.
Sc = P,/t = unit longitudinal stress corresponding to Pc, lb. per
sq. in.
Sp = unit longitudinal stress corresponding to an axial load
whether tension or compression, lb. per sq. in.
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Note
z - pos/itive downwvard
:I -posit/ve toward reader.
s - pos/'ive c/oc/w/kse.
All// forces and coup/es -
pois//'-e as shown.
FIG. 2. ELEMENT OF SHELL IN EQUILIBRIUM
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S. = modulus of failure of the material in the shell; the tensile
strength of the material may be used for S., lb. per sq. in.
S, = yield strength of the material, lb. per sq. in.
S, = maximum circumferential bending stress in the deflected
shell, lb. per sq. in.
t, = thickness of unstiffened shell having the same strength as
the stiffened shell, inches
W = the actual pressure applied, lb. per sq. in.
W = allowable pressure of an out-of-round shell, lb. per sq. in.
We = the collapsing pressure for the shell, lb. per sq. in.
W, = external pressure at collapse of the stiffened shell, lb. per
sq. in.
W. = ultimate collapsing pressure of an actual imperfect tube,
lb. per sq. in.
Z, = radial deflection of the stiffener, inches
Zo = initial departure from a round cylinder, inches(N 2L2
a = 2--- + 1 = numerical ratio dependent on R/L and N
OE = slope of the tangent to the stress-strain curve at the yield
strength, lb. per sq. in. (03 = 0.10 to 0.20 for materials not
cold worked, and 3 = 0.05 to 0.10 for materials cold worked
appreciably)
7,, = unit-detrusion in a tangential plane
e, = unit-strain in the circumferential direction
e, = unit-strain in the longitudinal direction
X =/ NL- + 1 = numerical ratio dependent on R/L and N
1 = Poisson's ratio
e, = unit-strain in radial direction
z = radial deflection of middle surface
u = longitudinal displacement of a point in the middle surface
v = circumferential displacement of a point in the middle surface.
7. Deformed Element of Shell.-The element of shell considered is
shown in its deformed state* in Fig. 2. If u, v, and z are the dis-
placements in the directions y, s, and z, respectively, of a point in
the middle surface of the shell from the undeformed position, then
the strains and the detrusion of the middle surface are defined as
au av v au Ov
S--= , f., = -±- , "y, -- + . (1)
_y as R as Oy
*A more complete description of a deformed element is given in Reference 34, p. 77.
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By eliminating u and v, the following equation of compatibility 21, 22
is obtained:
02e 02e 02a278 1 a2z
+ - _ _ = 0. (2)
ay2  Os2  asay R ay2
56 is the infinitesimal angle at the center of curvature of the
deflected shell, subtended by the circumferential element of length.
It may be expressed as a function of 0; , = dO, and consists
00
of the following parts:
(1) dO, original angle
1 32z(2) - -- dO, due to change in slope over length ds
R 002
z(3) -- dO, due to radial deflection
R
(4) e,dO, due to circumferential strain.
Hence
I# 1 02z z
-- = 1- ---- +e. (3)
00 R 002  R
8. Internal Forces and Couples.-In Fig. 2 are shown the forces
and couples holding the element of shell in equilibrium.
External Force:
W = external pressure, lb. per sq. in.
Normal Forces:
(Positive when acting in the positive direction on the face of an
element facing the positive direction)
P, = normal force acting on a unit of length of the face of the ele-
ment lying in a plane normal to the circumferential tangent
to the shell, lb. per linear in.
P, = normal force acting on a unit of length of the face of the ele-
ment lying in a plane normal to the longitudinal tangent to
the shell, lb. per linear in.
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Shearing Forces:
(Positive when acting in the positive direction on the face of an
element facing the positive direction)
S,y = shearing force in the y direction on the unit of length of the
face of the element lying in a plane normal to the circum-
ferential tangent to the shell, lb. per linear in.
Sy, = shearing force in the s direction on a unit of length of the
face of the element lying in a plane normal to the longitudinal
tangent to the shell, lb. per linear in.
S, = shearing force in the z direction on a unit of length of the
face of the element lying in a plane normal to the circum-
ferential tangent to the shell, lb. per linear in.
Sy, = shearing force in the z direction on a unit of length of the
face of the element lying in a plane normal to the longitudinal
tangent to the shell, lb. per linear in.
Couples:
(Positive where the force of the couple farther away from the
center of the shell is positive)
M, = bending couple or moment resulting from the distribution of
normal forces on a unit of length of the face of the element
lying in a plane normal to the circumferential tangent to the
shell, in.-lb. per in.
M, = bending couple or moment resulting from the distribution of
normal forces on a unit of length of the face of the element
lying in a plane normal to the longitudinal tangent to the
shell, in.-lb. per in.
M,y = twisting couple or moment resulting from the distribution of
shearing forces on a unit of length of face of the element
lying in a plane normal to the circumferential tangent to the
shell, in.-lb. per in.
M,. = twisting couple or moment resulting from the distribution of
shearing forces on a unit of length of the face of the element
lying in a plane normal to the longitudinal tangent to the
shell, in.-lb. per in.
9. Internal Fortes and Couples in Terms of Displacement.-On the
basis of Hooke's law the normal and shearing forces may be expressed
in terms of the strains and detrusion as follows:
21 22, 34
Et
P" = (=, + .. ,)
1 -
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Et
P. = - (e, + py,) (5)
1 - p2
Et
Sa = ) y,,. (6)
The moments in terms of displacement, z, are:
El ( 2z p 02z z (My = -- - + - + - (7)1 - \ y2  R2 002 R
El 1 a2z z 02z
M. = - - (-- + - + -y (8)1 - IA2 R 2 a62  R 2  ay2 )
EI 1 a2z
M., = -- - (1 - () 9)
1 - A 2 R O9Qy
In the derivation of Equation (9) it is assumed that the dif-
ference between M,y and My, is negligibly small. If this assumption
is not made, the left side of Equation (9) becomes Y (M,» + My,).
The values for e,, ey, -y• from Equations (4), (5), and (6) are sub-
stituted into Equation (2). The result is
a2P, 02Pj 1 02Py 2 0aP,
-± + _
ay 2  ay 2 • R2  02 R2  902
2 (1 + I) a2Sa, Et 02z
- (10)
R M06y R (y2
10. Equations of Equilibrium.-The conditions of equilibrium ap-
plied to the force system shown in Fig. 2, neglecting differentials of
higher order than the second, give the following equations:
OP. + Sy, a4
- + + - = 0 (11)
as ay Os
aP.. OS... 02z
±- -.. S, -- =0
Oy as Oy2
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OS., asy, 0a4' z az a2
+ - W +P--P P- -S P, Sy (13)
as ay as y 2  1say 3y)s
aMy 9M,.
SW= - + -- (14)
ay as
aM, aMy,
S az = - (15)
Os 9y
SM 8M2z
-Sy - -Sy + M + My. - = 0. (16)
as ay 2
If products of forces and moments with the derivatives of dis-
placements, which are small by comparison with unity, are neglected,
and the shearing forces are eliminated from Equations (11) and (12)
by means of Equations (14), (15), and (16), then, with M,y = My,,
the following equation is obtained:
a2P, a2Py 1 + E, aM,. 2 (1 + e.) a 2M.,
+-  +- = 0. (17)
Os2  ay 2  R as2  R OsOy
Equations (14) and (15) are combined with Equation (13); then
a2My a2M, 1 a,
2M. 9
-- +2 + -= W+P,--
ay 2  asay Os2  Os
a2z 2z 02z
-P y -- Sy - Say-- . (18)
ay 2  OsOy OsOy
11. General Differential Equations.-The moments from Equa-
tions (7), (8), and (9) are substituted into Equation (18); then
El 4z a 02z 2 8 4z
++R
1 - Ap \ ay 4  R 2  y2  2 R a02 y 2
1 a4z 1 02z 1 Oi9
+ - + = W + P-
R 4 a04  R 4 092 ) R 06
92z 1 O2z 1 82z
- Pay -- - Sy. y Sy. R y (19)
Oy2 R O99y R O00y
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A second equation is obtained from Equations (17), (8), and (9):
1 021P, 2P, (1 + e,) El ( 1 04z
R2  0'02 y2  R (1 - j2) R4 a64
1 02z (2 - M) )^z \
+- 4 02 - R 2 0+2 Y = 0. (20)
A third equation is obtained from the equation of compatibility (10),
a2z
combined with Equation (12), in which the small quantity Sy,--
is neglected:
Oa2 , a2P, 1 O2P, y 02P. Et 02z
-- + (2 + ) --- - - = - - (21)
Oy2  ay2  2 2  02 R Oy
2
A fourth equation is obtained by differentiating the strain
1 1 /9v
-, = (P -,P ) =- -+z
Et R (0a /
twice with respect to y, giving
02P , 02P, El ( 3v 2  (22)
y2  A+ 9 (22)9y2 y R Vy2 80 
The simultaneous Equations (19), (20), (21), and (22) represent
the relations between the radial and circumferential deflections z
and v, and the forces P,, Py, Sy., S,, and W, for a thin cylindrical
shell which is not stressed beyond the elastic limit and which has
small deflections.
To determine the external pressure W, the end load P,, the
shearing stress S,y (or S,,), or any combination of these forces at
which the equilibrium of the shell becomes indifferent, the shell is
considered in the deflected shape which satisfies the foregoing dif-
ferential equations and the boundary conditions. The function, z,
representing this deflection must meet the requirement that its
magnitude is indeterminate for some value of the external force.
This value of the external force at which the condition of neutral
equilibrium prevails is the critical load on the cylinder.
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III. SOLUTION OF BUCKLING EQUATIONS FOR ROUND
CYLINDERS, WITHOUT STIFFENERS
12. Uniform Pressure Applied to Sides Only.-For this type of
loading the value of the circumferential force per unit length of
shell, P8, may be expressed as
P. = - WR + f (y, s).
WR is the average value of P, and f is a function of y and s which
expresses the variation of P, from the average value. When the
deflection, z, of the shell is very small, then f (y, s) is also very small.
The longitudinal force, P,, has an average value of zero, for this
loading and the value of P, at any point departs from this average
by a small amount g (y, s), dependent upon the deflection z. This
gives
P = 0 + g (y, s).
The shearing forces S,, and S,. have average values of zero for
this case of loading with variations from the average value by
amounts h (y, s) and j (y, s), respectively:
S, = 0 + h (y, s) S,, = 0 + J (y,s).
The values of P,, Py, S,y, and Sy, are substituted into Equations
(19), (20), (21), and (22), and products such as f with terms in
9^ S02z 02z z
-- other than unity, g - , h --- , and j -- are neglected.
90 9say s3y 9s3y
Then
El 4z a2-z 2 04z 1 ('z 04z
++ R +
1 - 2 Ly 4 .2 R y, R2 Oay --Z 002 ( 0Z/J
1 1 a 2z z
R R - (23) R
1 a 2f 02g (1 + ,) El (1 04z
R 2  2 y R3  (1 - 2) R2 004
1 02z a 4 Z
+ - -- + (2 - ) - = 0
R2 a02t d'dy2 /
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a
2g 1 a'g a2f J a2f Et a2z
(2 + )-- +-- +- - -R =- (25)
ay 2  R2 002 by 2  R2  002 R By2
02f 2ag Et ( v a0z )
Y _ = + (26)
0y2  ay2  R 0 y20 0  by2 /
(a) Edges of Shell at Ends Simply Supported.-The boundary
22z 02z
conditions for z are z = 0, - = - = 0 for all values of 0 when
ay2  a62
L fz
y = ±-. Because of symmetry - = 0 for all values of 0 when
2 z 00
y = 0, and -- = 0 for all values of y at 0 = 0.
90 v(v
For the circumferential displacement, - = 0 for all values of 0
L 00
at y = ±--
These conditions suggest solutions of the form,
ry
z = A cos NO cos --
L
(27)
vy
v = B sin NO cos --
L
Figure 3 shows cross-sections of a shell deflected in various ways
so that N = 2, 3, and 4, giving respectively two, three, and four
lobes. The number of lobes has been found to depend upon the
proportions of the shell and for any given shell will be that number
which will give the lowest pressure at neutral equilibrium.
When z and v are substituted into Equations (23), (24), (25),
and (26) the following equations result:
El r 4 (2N2 - ) 7r2  N 2  N 4  -ry
--- -- - - A cos NO cos -
1 - /A L2 RR R 4  R 4 L
W 2y 1
= -- (AN 2 + BN) cos NO cos - - f (y, s) (28)
R L R
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FIG. 3. SECTIONS OF DEFLECTED CYLINDERS
1 a2f 02g (1 - e,) EI [N 4  N2
R2 002 Oy2  R3  (1 - 2) R .- R2
+ ( 2 - ) - A cos N cos - (29)
L 2 J L
a2g 1 a2g yf
(2 + ) - + - - + -
4y 2  R 2 002 Oy2
11 af Et r2 ry
- - = -- - A cos NO cos -- (30)
R2 002  R L2  L
ayf 02g El 7r2
-- - = -- -- (BN + A) cos NO cos-. (31)
By2 ay 2 R L 2 L
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From Equation (28) it follows that f (y, s) has the form
f (y, s) = C cos NO cos --
L
and from Equations (29) and (30) that g (y, s) has a similar form,
g (y, s) = D cos NO cos --
L
From Equation (31)
R
BN + A =-- (C - pD).
Et
The values of C and D are found to be
C Et
A Roa
Et WR\ a+l+u
- [N'{1+(X-1) (2-u)-1 ] 1
R3(1 -~) Et Xa
D Et
A RXa
Et / WR\ l-M(a-l)
+  [N2{1+(x-1) (2--)}-1] 1( E) - (-R3(1 -2) Et Xa
in which
N 2L 2
and N 2L 2
a =--+ 1.
72R2
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From Equation (28)
Et - pEI- (-.l-) [N21+(X-1)(2-)} -1] A cos NO cos--R2a' 2 R'(1 -_ ) ha L
El ry W ry
+ EI N2 [N22-(X -1) -] A cosNOcos- =--FA cosNOcos- (32)
R4 (1 -,2) L R L
where
1 .
F=N-1 N -1 +
a
2  Xa
R-( 1 -  [N2{1 +(X- 1)(2-A)} -1] 1-- [a(1-Ag)+ (1+A)2]+a+1+.
R2(1-/.2)tXa1 E,)
Equation (32) indicates that solutions, different from zero, exist
only if
Et El
+-- N2-N2X -,(X-1)-1}
Ra 2 R 3 (1 -. 2)
- +l [N {1+(X- 1)(2--.)}-1 ]
W = W,= F . (33)
As the uniform external pressure on a round cylinder increases
from zero to the value W, the cylinder remains round and in stable
equilibrium until W reaches the critical value We. At that pressure
small variations in the internal forces f, g, h, and j become possible
with indeterminate deflections of the cylinder from the round. The
boundary values for displacements at the ends come into effect
analytically only at the critical load. Actually, on account of the
bulkheads (Figs. 12 and 20) the values of z and v at the ends are
approximately zero during the whole range of values of W from
zero to We.
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Values of L
FIG. 4. COLLAPSE-COEFFICIENTS; ROUND CYLINDERS WITH PRESSURES
ON SIDES ONLY, EDGES SIMPLY SUPPORTED; / = 030
t
3
Since I = -- an
12
in which
D
-= , Equation (33) may be written as
2
t3  t
We = KiE- + K2 E--D 3 D
a+- 1 +•--
N2{N2W-,(X-1)- l- [N'{1+(X-1)(2-A) -1]
2 aX
F(1 -M 2)
2
K 2 = --
afF
(34)
(35)
(36)
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For the range of values D/t and L/R considered in this bulletin,
F may be approximated by N 2 - 1. In order to plot values which
give comparisons for various values of N, Equation (34) is written as
W. = (K +K 2 , E-- = KE( . (37)t2 D) 3
This form of the equation is convenient to use, whether the values
of K be plotted in the form of charts, or arranged in tabular form.
Equation (37) gives the uniform external pressure at which a
round cylinder may collapse into N lobes. The number of lobes
giving the minimum value of W has been found by plotting curves
for K and L/R for various values of D/t and N. Figure 4 shows a
family of K-curves for A = 0.30. The curves are shown only in the
region of the minimum value of K.
(b) Edges of Shell at Ends Fixed.-Boundary conditions for this
az av L
case are z = 0, - = 0, - = 0 for all values of 0 at y = +-
ay 80 9 z 2
From symmetry and continuity, - = 0 for all values of 0 at y = 0
Oz Oy
and - = 0 for all values of y when 0 = 0. A solution of Equa-
a0
tions (23), (24), (25), and (26) satisfying these boundary conditions is
z = A cos NO cos -- + Ac cos NO cosh --
aL aL
(38)
7ry Try
v = B sin NO cos -- + Bc sin NO cosh --
bL bL
From the boundary conditions and Equations (38) a relation between
a and b is found,
1 7r 1 r
-tan- +-tanh -- = 0. (39)
a 2a b 2b
1
The curves in Fig. 5a show the relation of - tan - to a and
1 i a 2a
- tanh- to b. Values of a and b have been chosen from these
b 2b
curves so that Equation (39) is satisfied. The corresponding rela-
tion between a and b is shown in Fig. 5b.
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From Equation (23) it follows that f (y, s) has the form
f(y, s) = D cos NO cos -- + d cosh .
L aL bLJ
and from Equation (24) it follows that
g (y, s) = H cos NO cos -- + h cosh .
SaL bL
Substituting the solutions (38) and the derivatives of f and g
into Equations (23), (24), (25), and (26), and eliminating all con-
stants except A and Ac, it is found that
F Et EI
--- + R(1-- ) N2{N22 - j(\i - 1) - 1}
- 1 +u [N21+ (x - 1)(2-;)} - 1]
W ry EtSF A cosNO cos-- + _i
R aL R2a 2
EI
R 4(1 
__2)
+ -2 [N (1-(X2 +1) (2 - )} -1]
a 2X2
W rySF 2 Ac cos NO cosh ry = 0 (40)
R j bL
in which
N 2a2L2  82
ail = - 1, ±X = - + 1,
r2 R2  N2a L 2
N 2b2L 2  r2R 2
a 2 =- -, X2 = - -1
r2 R2 N 2b2L 2
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1 #
+ +1 -- ,) ai(1 - U) + (1 + U)2}
Et
1 A
2 = N 2 - 1 +
+ R2(1 J 2)tX 2a 2 [N2 - (X2 + 1) (2-)} - 11 a2 - 1
-- + ---- a2(1 -- 2) - (1+)2} .
Et
Try
In this equation the coefficients of A cos NO cos-- and the
aL
coefficients of Ac cos NO cosh U must vanish separately if the equa-
bL
tion is to hold for all values of 0 and y. From this condition two equa-
tions are obtained both containing W. Since W can have only one
value, another relation between a and b results.
The value of W obtained from the coefficient of the first term of
Equation (40) will again be expressed as W, and is the same as that
obtained for simply supported edges except that L is replaced by aL
in the values a and X. Equation (33) may therefore be used. The
values of K have been replotted in Fig. 6 with aL/R as abscissae.
The expression for We obtained from Equation (40) by equating
the coefficient of the second term to zero is
/ D 2 \t 3
We = E K,' + K2' - - = K'E (41)t2 D3 D
in which
N 2 2+ (2 + 1) 1 [N2  2 - (X2+1)(2 -) }-
2 a2X2 (42)
(1 - A') F2
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and 2
K 2' = - . (43)
a 2
2 F 2
1 bL
Values of K' and - - are shown in Fig. 6. The arbitrary
10 R
value 1/10 used in the abscissae scale moves the curves to the left
to avoid confusion from overlapping curves.
For every aL/R there exists a corresponding bL/R so that
K' = K. Then from values of aL/R and bL/R obtained from
Fig. 6, ratios of a/b are found.
Finally, the determination of a is obtained as the ordinate of the
curve in Fig. 5b at its intersection with a line through the origin
whose slope is a/b as found in Fig. 6. Knowing the value of a for
values of aL/R the value of L/R is readily obtained. The values
of K from the aL/R curves are then replotted with L R, thus giving
K curves for cylinders with fixed edges, (Fig. 7).
(c) Edges of Shell at Ends Restrained.-In actual practice it very
rarely happens that the edges of the shell at the ends of the cylinder
are either simply supported or completely fixed. The shell is usually
attached to a stiffening ring or bulkhead which offers some restraint
but does not completely fix the edges. For such cases, the degree
of restraint which exists is best determined from tests on actual
cylinders.
13. Pressure Applied to Sides and Ends.-For this case the value
of the longitudinal force P, is expressed as
-WR
Py = - + g (y, s).2
Equation (19) then becomes
El [ 4*z J 82z 2 04z 1 a2zS+- + R-
1 - 2 Yy*4 R 2 )y2  R2 802 y2  R4 802
1 a8z 1 1 l l z
+ + f (y, ' s) = -W9-
z WR 82z
+ - -,). (44)
R 2 ay 2
Equations (24), (25), and (26) remain as before.
COLLAPSING PRESSURE OF THIN-WALLED CYLINDERS
I 3
W = Co//lla'osIng Pressur'-e.
K = Coef'enf Depend/=q on
\ " ~ - - o and - G6/en b 9y Curve's..
-z = lodu/us of lsf/'ic/f, '-
8~  _ of ½Te /4a/er-a/.
= -- 7-h/cness of Sh<l//
- " - D• = Outside DVimeter
6 of CyI/nder.
N, I 1_j I-,,
\_ _ _ _\ .\.y^ _ _ _
__  _ _ _ 
>^  ^ _^ _£ _: _ _: _ _
I I I I II-I~ ~-N---\T-\-t~2I1C2iVHI F-IITI'H _
2 4 6 8 /0 20 40 60 80/00
!oa/ues of -
FIG. 7. COLLAPSE-COEFFICIENTS; ROUND CYLINDER WITH PRESSURE ON
SIDES ONLY, FIXED EDGES; p = 0.30
(a) Edges of Shell at Ends Simply Supported.-Since the boundary
conditions are the same as for lateral pressure only, the solutions (27)
are tried. Substituting the values for z and v into Equations (24),
(25), and (26), B, C, and D are determined as before. We corresponds
to the value given by Equation (33), except that the denominator
-2R2
now becomes F + 2L-. The collapsing pressure may again be
2L1
written in the form of Equation (37), K, and K 2 being replaced by
KI" and K 2". The values of KI" and K 2" are readily obtained from
the former values KI and K 2 by multiplying each value by the ratio
r of the denominator, F, in Equation (33) to the new denominator,
r -
72 R2
F+-
2L 2
I- t i \1 I1\ I\ I\ 1 1 l A" 1 1 11I-I---I-l___L-L •i•' =\^n^,w-n•/rnn\-~h'&;n/•\)hnnnl----
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FIG. 8. COLLAPSE-COEFFICIENTS; ROUND CYLINDER WITH PRESSURE ON
SIDES AND ENDS, EDGES SIMPLY SUPPORTED; F = 0.30
The new values, K, differ from the previous values by amounts de-
pending on L/R, and consequently lead to a different range of values
of L/R for which any given number of lobes, N, gives rise to a mini-
mum collapsing pressure. Curves for K (Fig. 8) have been plotted
to indicate the ranges in which each value of N gives a minimum
collapsing pressure for this new condition. Only those portions of
the curves, for the various values of N, which give minimum values
of collapsing pressure, are shown.
(b) Additional End Load.-If a uniform axial longitudinal load
P per linear unit of circumference is applied to the cylinder in addi-
tion to the external pressure W, the value of P, becomes
-WR
P = 
-P + g (y, s).
2
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The right side of Equation (44) then becomes
( 1 a2z z \ WR 82z a 2z
- W - -e, - -P
R 92  R 2 ay' 2
The new value of r corresponding to Equation (45), represented
by r' is
F
r' = ---- (46)ir2R2  P ,r2R2
F + -- +-
2L 2  WR L 2
The value of P in this equation may be either positive (compres-
sive load) or negative (tensile load). In general the effect of com-
pressive loads will be to reduce the collapsing pressure and of tensile
loads to increase the collapsing pressure within the elastic range of
the material. For long cylinders of relatively large ratios of diameter
to thickness, however, this effect is generally small. Because of the
general nature of the longitudinal force, P, curves for K cannot be
computed until specific values are assigned to the force P.
(c) Edges of Shell at Ends Fixed.-The boundary conditions are
the same as for lateral pressures only, and all that is required is to
multiply each value of the collapsing pressure by the ratio, r, from
Equation (45). This, however, should be done for values of aL and
bL, but, since each term will be multiplied by the same r for a given
N and L/R, it follows that the ratios of a/b will be the same as for
lateral pressures only. And since the boundary relationship, as ex-
pressed by Equation (39), will not be changed, the same values of a
will be obtained. Therefore it is sufficient to multiply each final K'
by its corresponding value of r and the new values, K", will be ob-
tained. Here again the range of L/R for which a given N will give
a minimum collapsing pressure is different from that for the case of
lateral pressure only.
Figure 9 shows the value of K for pressure applied to sides and
ends. Again only those portions of the curves for the various values
of N which give minimum values of collapsing pressure are shown.
(d) Edges of Shell at Ends Restrained.-Here again interpolation
between the two limiting cases may be made for various amounts
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FIG. 9. COLLAPSE-COEFFICIENTS; ROUND CYLINDER WITH PRESSURE
ON SIDES AND ENDS, FIXED EDGES; i- = 0.30
of restraint obtained in actual practice. The actual amount of re-
straint for various standard types of stiffeners and methods of framing
may be determined from tests designed to give this information.
14. Pressure on Ends Only.-If there is a uniform longitudinal
pressure P per unit of length of circumference but no lateral pressure
on the cylinder, the same general differential equations (Section 11)
may be used to determine the load at which the shell becomes
unstable.
W is now zero, P, = 0 + f (y, s) and P, = -P + g (y, s).
Tests have shown that the cylinder may buckle so that the wave
length of the buckle is very much shorter than the length of the tube.
The solutions, z and v for this form of buckling may be taken the
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same as in Section 13, the value of L being replaced by Lo, the length
of one wave. The value of C in the function f (y, s) is
C
A
El a,+1+A PRSEl( [Ni2{+(Xo-1) (2-1) -1]  l+ R\
R3(1 - A) aoxo \ Elt
where
N 2 Lo2
S= -- +1
12!•?2
7r 2R2
and Xo = + 1.
N 2Lo2
The value of P which makes the coefficients of the term cos NO
7ry
cos-- vanish is the force at which neutral equilibrium may pre-
Lo
vail, and is considered as the collapsing force, Pc. The value for Pc is
Et El
-+ - 1)N{N(ao ---)  1)-
aoý R 2(1- ) 2)
- a [N{1+ (X.-1)(2-P)) 
-1]]
P, = 
. (47)
N'-- UX
R (1 - y') tho'
Pc may be expressed in terms of the average longitudinal compres-
sive stress, Sc, as
Po = Set. (48)
1
With I = 1-- , 1 = 0.30 and small values of t/R
12
Sc = 0.6E--
R
This equation corresponds to results obtained by other investigators. 13
(ao+1+)) [N2{1+(Xo-1) (2-) )}-1]
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The effect of finite initial deflections on the critical load has been
studied by L. H. Donnell." The extent to which fabrication affects
the critical load is shown by the tests performed by Wilson and New-
mark 10 on actual stand pipe sections. They found that the critical
loads averaged about one-fourth of the theoretical values for round
cylinders.
IV. ROUNDICYLINDERS STIFFENEDIWITH RINGS
15. Shell Round at Each Ring.-If the rings are sufficiently stiff
to hold the shell essentially round at each stiffener, the shell may
be considered as divided into a series of short shells whose length is
the distance between rings. The size of ring necessary to hold the
shell against buckling at the ring may be determined as follows:
If the section of the shell between stiffening rings will withstand
an external pressure W,, the stiffened shell as a whole should be
able to withstand an equal pressure. If several stiffeners are used
or the cylinder is long, the effect of the conditions of the ends of the
shell upon the size of the rings will be very small. Therefore, the
flexural rigidity of the combined stiffener and shell in the circum-
ferential direction should be the same as that of a long cylinder which
would support an external pressure W,.
If the thickness of the long cylinder which just supports W, is
denoted by t., then from Equation (37)
W, = KE-' (50)
D3
For long cylinders, K 2 approaches zero, and the value of K is ap-
2
proximately -
(1 - X2)
This value substituted into Equation (50) gives
S= W.D(1 - p') (51)
2
The flexural rigidity of this long cylinder, for a length of shell equal
to the stiffener spacing, L., is
EI, = L. (52)
12(1 - I2)
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Combining Equations (51) and (52), the flexural rigidity of a cylinder
necessary to withstand an external pressure, W,, becomes
WD 3L,
El, = . (53)
24
Since the stiffened shell must carry a pressure, W,, the flexural
rigidity of the combined stiffener and shell must be the same as
that of the long cylinder. The flexural rigidity of the combined
stiffener and shell may be closely approximated by the product of
the modulus of elasticity and the sum of an equivalent moment of
inertia of the stiffener and a portion of the shell wall which may be
considered to act with it plus the moment of inertia of the remainder
of the shell wall.
V. CYLINDERS SLIGHTLY OUT-OF-ROUND
16. Out-of-Round Unstiffened Cylinders.-Regardless of how much
care is taken in the manufacture of tubes, pipes, or cylinders in
general, there are always slight variations from the round which in
general follow a random distribution. The degree to which the acci-
dental initial conformation agrees with the conformation of the round
cylinder at collapse determines the suddenness of the failure; close
agreement causing a gradual collapse.
Assume that correspondence exists between the initial "out-of-
roundness" and the "normal" conformation of the round shell at
collapse. For the case of simply supported edges the normal con-
formation of a round cylinder in the state of neutral equilibrium is
given by (Section 12a-displacement v may be neglected)
iry
z = A cos -- cos NO.
L
The initial out-of-roundness is assumed of the same form
zo = Ao cos -- cos NO.
L
The total deflection is
TV
z + zo = (A + A.) cos - * cos NO.
L
L
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Referring to Equation (23) it is noted that the terms on the left
side depend upon the change in shape z, whereas the terms on the
right side depend upon the total deviation from the round cylinder,
z + zo.
From Equations (24), (25), and (26) the values of f (y, s) and
g (y, s) will be the same as for the round cylinder. If the value of
f (y, s) is substituted into Equation (23), the general expression for
a cylinder with simply supported edges will be the same as Equation
(32), except that the right side of the equation will have the term
(A + Ao) instead of A. If both sides of the equation are divided
rvy
by A cos - cos NO, the value of A is found to be
L
WAo
A = (55)
We - W
This expression for the maximum deflection of a slightly out-of-
round cylinder is of the same type as Fidler's 26 expression for the
deflection of slightly imperfect columns, and agrees with the results
of Westergaard in a general consideration of the buckling of elastic
structures.20
If there is an "out-of-roundness" which does not agree with the
normal pattern of collapse, i.e., with the value of N which gives a mini-
mum pressure for a perfect cylinder, the value of Ao may increase
appreciably when the number of lobes is different by 1 or 2. Refer
to Figs. 4, 7, 8, and 9, and note that in cases where N is large the
collapsing pressure for a round cylinder buckling into one more or
less lobes than the number giving a minimum will be only slightly
larger than the minimum. Consequently it is possible that the in-
crease in Ao resulting from a better fit with "out-of-roundness" will
more than offset the increase in We produced by the change in
number of lobes, with the result that the cylinder may collapse into
a number of lobes different from that indicated for a round tube.
Similar arguments may be applied to the case of fixed or re-
strained edges.
If the magnitude of the deflection, A, is known, the bending
moment can be computed from Equation (8).
El N 2 - 1 7r 2 r1 Tj
M, =- + A cos NO cos
1 - A 2 R L4
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xy
The maximum value of M. occurs where cos -- cos NO = 1, or at
the center of a buckle. L
The maximum stress, S, in the s direction may be found as the
sum of the direct stress, S 1, plus the bending stress S 2. The average
direct stress is
WR
S1 = - (57)
t
and the maximum bending stress is
M,t Et ( N' - 1 r2
S2 -- - ) A + - . (58)
21 2(1-'U) R' L 2
In terms of Ao the total maximum stress is
S = Si + S 2
WR EA, t i2R 2'i
- 1+ 1--- N2-1+ . (59)
t 2(1-2)(Wc-W)t R 3  L2 /J
When the maximum stress S reaches a value beyond which plastic
action takes place, the value of W, will decrease, thereby increasing
the distortion and stress which in turn causes further plastic action
and so on.
It is often desirable to determine the maximum external pressure
that can be supported by a vessel with a known initial radial devia-
tion from a round cylinder. Specifications may give limiting per-
missible values of initial distortion, and at the same time require
that no permanent set occur. To meet this condition the maximum
stress S should not exceed the elastic limit for the particular state
of stress existent in the cylinder considered.
Let the allowable stress be S, and let the value of W corresponding
to S be W. Then Equation (59) may be written as
WR EAo V r 2 R'
S=- 1+- 3(--N-+i ]. (60)
t 2(1 - ) (W- W)t R 3 L2 .
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Values of W may readily be computed by trial and error if Equa-
tion (60) is written in the form
_ t
2S-
D-
W = r(61)
E(N2 - 1 + , L- --
4Ao L 2 ) D3
1+ t (1 - ) (w 
- w)
This equation shows that the values of L/R and D/t as well as
A o/t and S are necessary to determine the effect of out-of-roundness
in a cylinder subjected to external pressure. It also shows that if
We causes an average stress which is small compared to S, the load
W necessary to produce the stress S will be close to We for nearly
all reasonable values of Ao/t.
In order to obtain the maximum pressure which such an "out-of-
round" cylinder can carry, the modulus of failure, S., may be used
instead of S and the value of We reduced as described in Section (18).
17. Out-of-Round Cylinders Stiffened With Rings.-Stiffening rings
should have sufficient rigidity to retain their shape regardless of
whether the shell buckles between them or not. The deviations
from true circularity of the cylinder will be most severe when the
stiffener tends to flatten, i.e., forming two lobes. The deflection of
the stiffener may then be represented by
z,, = A cos 20. (62)
Because of the general applicability of Equation (55) the maximum
deflection A may be found from this equation, where W, is inter-
preted as being the pressure at which the stiffener becomes unstable.
The bending moment in the stiffener is obtained from Equation (8),
with u assumed equal to zero.
3Ao W
Mat = EI, cos 20. (63)
R,' WT - W
R, is the radius from the center of the cylinder to the centroid
of a right section of the stiffener and the plate effective with it.
The stress in the stiffener is the combined direct and bending stress.
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VI. EXTENSION TO PLASTIC ACTION
18. Cylinders in Which Stresses Are Beyond Elastic Range.-In
many instances cylinders do not collapse until the stress in the shell
wall exceeds the elastic limit of the material.
In 1889 Engesser 27 proposed using the actual tangent modulus
of elasticity as determined from stress-strain curves of the material
for the effective modulus. Later work by A. Considere 28 and Th. v.
Kgrmfn 29 has shown that by the introduction of a double modulus
the theory is in better agreement with tests on straight columns
axially loaded. A summary by Osgood 30 gives results obtained by
applying v. Karmfin's principles to columns of various structural
sections. The double modulus theory makes use of the modulus for
decreasing stresses, which is taken equal to E, for the elastic range,
and the modulus for increasing stresses in the plastic range. The
latter, El, is the tangent modulus at the average stress in the member
considered.
The "effective" modulus of elasticity for columns with rectangular
sections, according to the double modulus theory, is
4E 1E' -= (64)
The derivation of Equation (64) is based upon the assumption
that the column is perfectly straight to begin with, and remains so
until buckling occurs; at this time the stress on one side of the column
rapidly increases while on the other side it rapidly decreases. If
the column is slightly crooked initially, the phenomenon of sudden
buckling, as considered by Considere and v. Kirman, does not occur.
Westergaard and Osgood 3" have shown how much effect a slight de-
viation from perfection can have on the load-carrying capacity of
steel columns. In view of these considerations the observed critical
loads for columns might well be expected to be somewhat below
that given by the double modulus theory.
Any tendency of the material to creep would also tend to reduce
the effective modulus under sustained load. In tests for stability,
the specimens often carry a given load for an appreciable time (as
long as several hours or more) and then buckle without an increase
in load.
Since the tangent modulus at the average stress for inelastic
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action is always less than the effective modulus according to Equa-
tion (64) it is proposed to formulate expressions for the tangent
modulus for use as the effective modulus. Three cases may be
distinguished, (1) the average stress is between the elastic limit and
the yield strength, (2) the average stress is between the yield strength
and the ultimate strength and (3) the average stress is less than the
proportional limit with the maximum stress considerably above the
elastic limit.
For the first two cases the tangent modulus at the average stress
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is approximately equal to the average tangent modulus for the normal
stress distribution over the section. The average tangent modulus
is defined as that modulus which is in accord with the statical con-
ditions as to the resultant stress and the moment thereof.
Case 1. The average stress S, is between the elastic limit* Q
and the yield strength S,. Figure 10 shows that the stress-modulus
curve for the aluminum alloy may be simplified as indicated by the
dotted lines. From the geometry of this figure the following ex-
pression for the effective modulus is obtained,
E' = E 1 - (1- S,)  (65)
SS, - Q1
fi is the ratio of the tangent modulus at S, to the initial tangent
modulus E.
Case 2. The average stress, S1, is between the yield strength,
S,, and the ultimate strength, S,. The effective modulus is
E' = E 1 - Sy -(66)
Case 3. Where the average stress is less than the proportional
limit but, because of eccentricities, the maximum stress in the shell
exceeds the elastic limit, an empirical expression for the effective
modulus has been found to be satisfactory for columns. This ex-
pression is proposed for cylinders which come under this case. The
formulat is [ I / S-Q 1v-
E' = E 1 -- ) 2." (67)
4 Sa - S,
S is the maximum stress in the shell (direct and bending).
For round cylinders in which the stresses are above the propor-
tional limit of the material, the collapsing pressure is now written
We = KE' (t/D)3 . (68)
It should be remembered in connection with the use of the coeffi-
cients, K, that they are derived for the case of linear elastic action.
*The elastic limit is taken as 1.1 times the proportional limit as determined by Tuckerman.32
tThe formula (67) is based on tests made at the Research Laboratories of the Aluminum Com-
pany of America.
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In the plastic range, however, if the same values of K are used,
there will be a discrepancy because of the fact that stresses are not
proportional to the distance from the neutral surface, and that
Poisson's ratio is not the same as in the elastic range. Experiments
indicate, however, that in the plastic range the approximations are
sufficiently close within certain limits of t/D and L/R.
The value of W, obtained from Equation (68) may be used in
Equation (61), together with the value of E' instead of E, to give
the allowable pressure for slightly out-of-round cylinders.
Attention is called to the fact that the existence of longitudinal
stresses affects the nature of plastic deformation both as to the
magnitude of the stress at which plastic action starts and as to the
characteristic shape of the stress-strain curve as plastic action pro-
gresses. Therefore, for combined stresses the value of the effective
reduced modulus for combined stresses may be significantly different
and start at significantly different stresses than for a single direct
stress.
The resultant effects of superimposed longitudinal tension or com-
pression upon the collapsing pressure of thin cylinders therefore re-
quires two-fold consideration; its effects upon the inherent stability
of the cylinder as discussed in Section 13b and its effects upon the
inception and progress of plastic deformation in the material of
which the cylinder is made.
Studies of effects of biaxial stress upon the stress-strain charac-
teristic of materials have been made by Lode36 , Nadai37, Marin and
Stanley 38, Lessells and McGregor 9, and others.
The experimental results obtained by these investigators seem to
justify the method used by Holmquist and Nadai40 in accounting
for the effects of biaxial stress. This method gives the stress at
inception of plastic action as
S12 - SiS, + Sp' = SI,. (69)
VII. EXPERIMENTAL WORK
19. Effects Considered.-In reports of previous experimental in-
vestigations of the collapse of thin-walled cylinders there seems to
be little information on the relative effects of pressures applied on
both the sides and ends of vessels as compared with pressure applied
on the sides only. Also, effects due to edge restraint and "out-of-
roundness" on the strength of a given cylinder have not been ade-
quately considered. These effects were taken into account in plan-
ning the following tests.
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FIG. 11. THIN-WALLED PIPE FOR COLLAPSE TEST
Two series of tests were made by the author, one at the Uni-
versity of Illinois during 1928-1929 and the other at the Aluminum
Research Laboratories during 1931-1933.
A. Tests at the University of Illinois
20. Object of Tests.-The tests were made on two built-up steel
pipes for the general purpose of studying the behavior of shells at
or near the point of collapse, and to give validity to some of the
fundamental assumptions stated in the analysis.
21. Specimens.-Two pipes approximately 20 ft. long, one 20 in.
in diameter and the other 18 in. in diameter, were made from 16-
gage (0.063 in. thick) black sheet iron which was rolled into sections
of 4-ft. length, and fastened together longitudinally by riveted and
soldered lap joints. One end of each section was belled so as to
receive the end of the adjacent section, thereby making a circum-
ferential lap joint. These joints were also riveted and soldered so as
to make them airtight. Figure 11 shows details of the tubes as
designed.
In the first set of tests the smaller pipe was placed inside the
larger one, and the ends of the opening between the pipes sealed
by means of a reinforced concrete ring 3 inches thick, Fig. 12. The
ring also served to center the smaller pipe in the larger one. The
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FIG. 12. SEcriON THROUGH IRON-PIPE BULKHEAD
FIG. 13. VIEW OF 20-INCH STEEL PIPE AFTER COLLAPSE
end of each pipe was supported and sealed in a V-shaped notch which
offered little restraint against longitudinal tipping of the supported
edges. The groove for the inner pipe was less deep than for the outer.
one, enabling the inner pipe to carry longitudinal pressure. Various
COLLAPSING PRESSURE OF THIN-WALLED CYLINDERS
FIG. 14. VIEW OP ADJUSTABLE BULKHEAD, MANOMETER, AIR
EJECTION PUMP, 20-INCH STEEL PIPE
sealing materials were tried; the one which gave the best service was
a low melting asphalt.
In the second set of experiments each pipe was tested separately
and the ends again sealed by means of concrete bulkheads fitting in-
side the shell and sealed with asphalt. The edges of the shell were
supported on the edge of the bulkhead. In this set of tests the end
thrust on the bulkhead was carried by a 3-in. cast iron pipe ex-
tending through the center of the test pipe. Figure 13 shows the
solid concrete bulkhead at one end of the specimen to which the
pipe was anchored, and Fig. 14 shows the pipe extending through
the bulkhead at the other end of the specimen. A heavy clamp
served as a stop for the bulkhead.
22. Apparatus.-In the first set of tests the air was pumped out
of the space between the pipes by means of an ejector pump, Fig. 13.
The diameters of the pipe were measured by a caliper which con-
sisted of a heavy wooden U-frame which had a fixed point attached
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Fic. 15. VIEW OF COLLAPSED 20-INcH STEEL PIPE AND CALIPERS
to the inner side of one leg and a hinged lever on the inner side of
the other leg. The lever actuated a dial gage so that when the caliper
was placed over the pipe the lever would spring against the pipe,
thus giving a reading on the dial. A view of the calipers is shown
in Fig. 15. Calibration was made by readings on bars of known
lengths. With the calipers differences in diameter of ±+0.005 in.
were estimated and readings on a standard length were always dup-
licated within 0.01 in. The difference in pressure between the air
within the shell and the surrounding atmosphere was indicated by
a mercury manometer, on which observations were read to the
nearest 1/100 in. of mercury (0.005 lb. per sq. in.).
In the first set of tests the inner pipe prevented a radial deforma-
tion of the outer pipe of more than one inch. Thus it was possible
to retest the outer pipe repeatedly without causing any measurable
permanent set. Measurements of the diameter were made on equally
spaced diameters at several places along the pipe, both between the
circumferential seams and directly over them.
In the second set of tests no preliminary loads were applied, fewer
diameter readings were taken, and the pressure was steadily in-
creased until the pipe collapsed.
23. Discussion of Tests and Results.-The first set of tests showed
that the collapse of an appreciably imperfect tube or cylinder is
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FIG. 16. RADIAL DEFLECTION CURVES-20-INCH STEEL PIPE WITH
PRESSURE ON SIDES ONLY; A. = 0.22 INCHES
gradual and not sudden. This phenomenon is similar to the buckling
of an eccentrically loaded straight column or a centrally loaded
curved column.
Deflections of the twenty-inch pipe in the first set of tests are
plotted in Fig. 16. The deflections were measured at a number of
positions for zero pressure after the shell had been subjected to an
external pressure of about 2 lb. per sq. in. several times, in attempts
to obtain a seal that would hold the vacuum constant long enough
to obtain a set of readings. Figure 16 shows the curves of radial
deflection (taken as one-half of the change in diameter for these
tests) for both increasing and decreasing pressures. Collapsing pres-
sures for the shell only (seams neglected) were computed from Equa-
tion (37). Since X is nearly equal to unity for N 5 2 and values
of a and D/t are relatively large, by putting X = 1 and neglecting
those terms containing a and (t/D)2 which are small compared to
unity, the K values in (37) may be simplified to
2 N 2 - 1
K, = -
3 1 - A2
2
K2 = a2(
a (N- 1)
-Tes-
II
/,£-
*N 5
^4
'1
K
*^
K
N
K
0
0 / 2 3
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4 S
A, /? /inches
FIG. 17. RADIAL DEFLECTION CURVES-20-INCH STEEL PIPE WITH
PRESSURE ON SIDES ONLY; Ao = 0.48 INCHES
For the 20-inch tube, with A = 0.30, and N = 2, K 1 = 2.20 and
2
K 2 = 2272. The collapsing pressure, with E = 30,000,000 lb.3 X 2272 ( D2 \ Et3
per sq. in., is We = (K + K 2 - - = (2.20 + 1.30) 0.94 = 3.29 lb.
per sq. in.
Maximum deflections were computed from
W
A. == AO.
A=W - W Ao
(57)
The moment of inertia of the shell and seams is approx-
imately I' = 0.006 in. 4 The equivalent thickness is computed from
1/12Lt,3 = 0.006 to be t, = 0.067 in. The collapsing pressure
D
then for-- = 298 is W, = 3.82 lb. per sq. in.
t,
The deflection of the seam is practically the same as that of the
shell. The seam adds little to the longitudinal stiffness of the shell.
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FIG. 18. RADIAL DEFLECTION CURVES-18-INCH STEEL PIPE
WITH PRESSURE ON SIDES ONLY
However, it does add to the circumferential stiffness which is evident
from the closer agreement between measured and computed deflec-
tions in which the stiffness of the combined shell and seams is taken
into account. The computed collapsing pressure of the shell between
seams, if the seams are strong enough, is several times as great as
that of the shell as a whole using the increased stiffness of the shell
and seams. No serious permanent set was indicated since the curve
for decreasing pressure follows very closely the curve for increasing
pressure.
The results of the second set of tests have been plotted in Figs.
17 and 18.
From Fig. 17 it may be noted that consideration of the seams as
stiffeners gives closer agreement between measured and computed
deflections. Figures 13 to 15 show views of the 20-in. iron pipe after
collapse, and Fig. 19 shows a view of the 18-in. iron pipe after failure.
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FIG. 19. VIEW OF 18-INCH STEEL PIPE AFTER COLLAPSE
B. Tests at the Research Laboratories of The Aluminum
Company of America
24. Object of Tests.-The object of these tests was to determine
experimentally the behavior and strength of cylinders having re-
strained edges. Specimens with various lengths and various D/t
ratios were tested. In some tests external pressure was applied to
the sides only, while in others, external pressure was applied to both
the sides and ends. Initial "out-of-roundness" was considered and
measured, but no attempt was made to obtain prescribed amounts
of initial deviation from a round cylinder.
25. Specimens and Materials.-Tests were made on extruded
aluminum alloy tubes and cylinders fabricated from aluminum alloy
sheet.
The specimens were cut from
(1) A formed tube, 12 in. O.D., wall thickness 0.028 in.; D/t
ratio about 430; cylinder formed from 3S-3/4H 33 sheets with edges
butt-welded, longitudinal and circumferential seams hammered and
dressed to about the same thickness as the sheet.
(2) Extruded seamless tubing, 6-in. O.D., wall thickness 0.061
in.; D/t ratio about 98.5; material 3S-H.
(3) Extruded seamless tubing 6-in. O.D.; wall thickness 0.042
in.; D/t ratio about 143; material 3S-H.
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TABLE 1
TENSILE PROPERTIES OF THE ALUMINUM ALLOYS IN THE
TUBES AND STIFFENERS*
Tube Size Proportional Yield Ultimate Modulus ofin.ze Alloy Limit Strength Strength Elasticity¶'
lb. per sq. in. lb. per sq. in. lb. per sq. in. lb. per sq. in.
6.00 x0.061 3S-H 10 000 25 000 28 000 10 000 000
6.00x0.042 3S-H 10 000 25 700 28 200 10 000 000
12.00 x0.028 3S-3/4H 9 000 22 000 25 000 10 000 000
12.00x0.028 3S-Ot 3 5001 5 000 16 000 10 000 000
"Average values based on duplicate tests unless otherwise noted.
tAnnealed portion of tube adjacent to welds.
SEstimated value.
Modulus values determined to nearest 100 000 lb. per sq. in.
The average mechanical properties of the materials were deter-
mined from standard half-inch wide test coupons cut from the tubes
after they were tested. These properties are given in Table 1. The
measured diameters of the extruded tubes (as received) were within
+ 0.008 in. of the nominal value at all sections, whereas most of
them were within +0.005 in. The thickness varied between +5
per cent of the nominal value for these tubes. The diameters of the
fabricated tube varied by as much as +±0.127 in. for a given section,
and the thickness was within + 5 per cent of the nominal.
Where lateral pressure alone was applied, the ends of the tubes
were sealed with aluminum plate bulkheads, discs one inch thick,
fitted to the inside of the tubes. The bulkheads were separated by
means of a 3-in. iron pipe which carried the end thrust. Each sepa-
rator was held in a central position by centering discs and a rod. A
rubber tube was pressed into a groove between the bulkhead and the
tube to effect an airtight seal. The bulkheads were machined to
fit the smallest of the tubes of the same nominal size. This procedure
worked very well for the extruded tubes, but in some of the tubes
formed from sheet clearances as great as 0.05 in. existed, and no
fixity was obtained.
FIG. 20. SECTION THROUGH ALUMINUM-TUBE BULKHEAD
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FIG. 21. ARRANGEMENT OF TEST EQUIPMENT AND SPECIMEN FOR TUBES RE-
QUIRING PRESSURES LESS THAN 14 LB. PER SQ. IN. TO PRODUCE COLLAPSE
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Where the pressure was applied to both the sides and ends of the
tube, the bulkheads consisted of 1-in. thick aluminum plates some-
what larger in diameter than the tube to be tested (Fig. 20). Each
bulkhead had a circular groove cut into it so that the tube would
slide into the groove with a snug fit between the bulkhead and the
inside of the tube. A space in the groove remained on the outside
of the tube into which a rubber gasket was pressed to effect a seal.
Clearances as great as 0.005 in. for the 6-in. tubes and 0.050 in. for
the 12-in. tubes were encountered.
26. Apparatus.-For collapsing pressures less than 14 lb. per sq.
in., external pressure was applied by producing a vacuum within
the tube. An ordinary ejector vacuum pump was used to extract
the air from the tubes. The differential pressure between the atmos-
phere and the interior of the tube was measured by means of a
mercury manometer which was read to ±0.05 in. of mercury.
Figure 21 shows the arrangement of ejector pump, surge bottle,
manometer, and tube for the test of a fabricated aluminum tube.
For collapsing pressures greater than 14 lb. per sq. in., external
pressure was applied by placing the tube inside a drum filled with
water and applying pressure by means of a hand hydraulic pump.
The pressures were measured by means of a pressure gage reading
to the nearest half pound. Figure 22 shows the test equipment.
Deflections were measured as changes in diameter by means of
a dial caliper, shown in Fig. 23. Small V-shaped pieces of aluminum
sheet were glued to the cylinder so that the points of the micrometer
could be replaced at exactly the same point just inside of the V-notch.
Separate calipers were made for the 6-in. and the 12-in. tubes. The
dial gage was graduated to 0.001 in. of movement of the plunger,
with which readings could be checked within +0.002 in.
27. Procedure.-For each test made with atmospheric pressure
initial diameter readings were taken as follows: Six diameters 30
deg. apart on the 6-in. tubes and 12 diameters 15 deg. apart on the
12-in. tube. The diameters were measured at several sections along
the tube for some of the long tubes, generally including a section
at the center, one near a quarter point, and one near an end. For
the short tubes (less than 3 diameters long) the diameters were
measured at mid-length. On some of the tubes diameter readings
were taken at several increments of pressure, the first being about
one-fifth to one-third of the computed collapsing pressure, and the
FIG. 22. ARRANGEMENT OF TEST EQUIPMENT AND SPECIMEN FOR TUBES REQUIR-
ING PRESSURES GREATER THAN 14 LB. PER SQ. IN. TO PRODUCE COLLAPSE
others at about equal increments until either collapse impended or
the deformations were so great that they were beyond the range of
the calipers.
The long thin tubes which collapsed at stresses appreciably below
the elastic limit tended to spring back to their initial shapes after
the pressure was released. Those portions of the long tubes which
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FIG. 23. METHOD OF MEASURING DIAMETER, 6-INCH O.D. TUBING
showed no appreciable permanent set were sawed off to be used as
short specimens.
For specimens tested in the hydraulic pressure chamber, measure-
ments for change of diameter were not made, and only the collapsing
pressure and the number of lobes were determined.
28. Results and Discussion.-Tables 2 and 3 show a summary of
the results of the tests on the aluminum tubes, with computed values
of collapsing pressures corresponding to each limiting case of edge
restraint.
Figures 24 to 28 inclusive show the short tubes after collapse.
The computed collapsing pressure of the actual "out-of-round"
tubes was determined in accordance with Section 16. For the 12-in.
tube the properties of the partially annealed metal adjacent to the
welds were used because any local yielding would cause excessive
deflections and collapse. The value of 3 = 0.15 was used for all
cases.
For tubes which were not measurably out-of-round but were
stressed beyond the elastic range, the collapsing pressures were com-
puted by Equation (68). The values of We, the collapsing pressure
for a round elastic tube, were obtained from Charts 4, 7, 8, or 9,
according to the conditions considered.
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FiG. 24. SPECIMENS 2, 3, 4, AND 5 AFTER TEST, AND Low PRESSURE APPARATUS
Deflection measurements were made on Specimens No. 17, No.
18, No. 1, No. 10a, and No. 10b. The results of these tests are dis-
cussed individually in the order in which they were obtained.
Specimen No. 17. This specimen was a 12-in. diameter tube
formed from 21-gage (0.028 in. thick) sheet. The circumferential
seams were about 36 in. apart, giving a total length of about 144 in.
for four sections. The net length (clear distance between bulkheads)
was 143 in. Pressure was applied to both the sides and the ends,
i.e., the end thrust from the bulkheads was carried by the specimen.
Figure 29 shows the plotted values of deflection together with the
maximum stresses. Apparently the edges were about half-way be-
tween fixed and simply supported. The deflection was so gradual
that the tube could be made to breathe in and out, reproducing the
same deflection at given pressures whether the load was increasing
or decreasing. This specimen was used for demonstration for some
time, and was deflected (A = about 0.30 in.) probably fifty times.
Specimen No. 18. This specimen was the former Specimen No. 17
stiffened with two single angle (0.30 x 0.25 x 0.043 in.) stiffening
rings, one on each side at 18 in. from the center of the tube. The
rings were made from 3S-3/4H material, and were attached to the
shell with No. 2 machine screws spaced 1 in. center to center. These
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FIG. 25. SPECIMENS 6, 7, 8, AND 9 AFTER TEST
rings were intended to give about the smallest size of stiffener which
would develop the intermediate shell. Specimen No. 18 was tested
under the same conditions as Specimen No. 17.
Figure 30 shows the deflection and stress. Note the agreement
between measured and computed values of radial deflection of the
stiffeners. The deflections shown are the average values for the two
stiffeners, each of which did not deviate more than 0.005 in. from
the average. Until collapse, the deflection of the shell midway be-
tween the stiffeners was about 20 per cent greater than the corre-
sponding deflection at the stiffener. Figure 21 shows the specimen
after failure. The lower stiffener buckled and the lower end-section
collapsed before the center section collapsed. No measurements of
diameter of the lower end section were obtained for this test. Since
failure occurred by buckling of the outstanding flange of the stiffener
there is no decisive evidence that the moment of inertia of the com-
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FIG. 26. SPECIMENS 11, 12, 13, 14, 15, AND 16 AFTER TEST
bined stiffener and plate was adequate to develop the strength of
the short lengths of the tube between stiffeners or between stiffener
and bulkheads.
Specimen No. 1. After Specimen No. 18 was tested the tube was
brought back to a "nearly round" condition by hammering from the
inside and by straightening the outstanding leg of the stiffener. The
outstanding leg of the stiffener was then cut down to a height of
1• in. to make Specimen No. 1. The same measurements were made
on this specimen as on Specimen No. 18. Pressure was applied to
the sides only, the end thrust being carried by an iron pipe inside
the specimen, as previously described.
Deflection and stress curves are shown in Fig. 31. The computed
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FIG. 27. SPECIMENS 20, 21, AND 22 AFTER TEST
FIG. 28. SPECIMENS 23, 24, 25, 26, 27, 28, AND 29 AFTER TEST
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FIG. 29. RADIAL DEFLECTION AND MAXIMUM STRESS CURVES, SPECIMEN
No. 17, WELDED ALUMINUM ALLOY TUBE
collapsing pressure (Table 2) is determined as follows: assuming
failure as collapse of a short tube between stiffeners simply sup-
ported at the stiffeners,
L 36 D 11.92
- = - = 6.05, - = - = 425, K (from Fig. 4) = 17,
R 5.96 t .028
We = KE = 17 X 107 X (425 = 2.20 lb. per sq. in.
SD ) (425) 3
Between the stiffener and the end the clear length is 53.5 in. For
this section one edge is fixed and the other simply supported.
The equivalent thickness t, for the member, considered as a long
1
tube, is computed from I, = -- bt. 3 in which b = 36 in. and I,, the
12
total moment of inertia, is 0.000098 in.4 For this computation a
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FIG. 30. RADIAL DEFLECTION AND MAXIMUM STRESS CURVES, SPECIMEN
NO. 18, WELDED ALUMINUM ALLOY TUBE
length of 30t is assumed as acting with the stiffening angle. Then
t, = 0.032 in., D/t, = 372, L/R = 24, K = 4.2, and W, = 0.815 lb.
per sq. in. Since this value is less than 2.20, the tube is expected
to fail as a whole.
Stress in the stiffener flange is computed from Equation (63).
The maximum moment is
3Ao W
M. = El,
R,2  W, - W
The bending stress is M,c, I,. The average bending stress in the
stiffener is computed by using c, = 0.057 in., the distance from
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No. 1, WELDED ALUMINUM ALLOY TUBE
the neutral axis of the stiffener section (angle and plate) to the mid-
point of the outstanding flange. With Ao = 0.026 and R, = 5.98,
W
the average stress is S = 1250
We - W
For W = 0.715,
For W = 0.74,
S = 8 950 lb. per sq. in.
S = 12 300 lb. per sq. in.
This stress is above the proportional limit, hence the resistance is
reduced. By Equation (67)
E'l
--- = 1
E
1 /12300 - 9000 24 25 -- = 0.995.
4 25 000 - 1000
I
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FIG. 32. RADIAL DEFLECTION AND MAXIMUM STRESS CURVES, SPECIMEN
No. 10a, EXTRUDED ALUMINUM ALLOY TUBE
The corrected We is 0.995 X 0.815 = 0.810 lb. per sq. in.
0.74
Then s = 1250 X - = 13 200 lb. per sq. in.
0.07
with a corrected value for E'/E = 0.993.
Hence We is very nearly 0.74 lb. per sq. in.
Specimen No. 10a. Specimen No. 10a was one of the 6 in. x 0.042
in. extruded tubes, 10 ft. long over-all. The pressure was applied
on the sides only, while the end thrust was carried by an inner iron
pipe which was 9 ft.-6 in. long, the effective length of the specimen
thus becoming 9 ft.-6 in. External pressure was applied gradually
until the deflections started increasing rapidly. The pressure was
then released and later a demonstration test (second test) was made
t~)
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No. 10b, EXTRUDED ALUMINUM ALLOY TUBE
in which the loading was continued until collapse occurred. After
the first test the central section of the tube retained a slight perma-
nent set, not more than 0.010 in., which was practically removed
by pressing this part of the tube by hand into an elliptical shape
so as to oppose the permanent set. The data are plotted in Fig. 32.
The bulkheads for sealing the ends of this specimen were made
and fitted for it. Therefore the edges at the ends of this tube would
be expected to be nearly fixed. The values computed for the con-
dition of fixed edges agree with the test data much more closely
than do the values based on simply supported edges. The computed
collapsing pressure for fixed edges is 0.805 lb. per sq. in., which is
close to the actual pressure, (0.811 lb. per sq. in.).
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Specimen No. lOb. This specimen was 6 ft. long, cut from one
end of Specimen No. 10a, and was tested without end pressure. The
inner pipe was 5 ft.-9 in. long, making that the effective length.
One end of this specimen fitted the bulkhead snugly, but the bther
did not, consequently the fixation of the edges was not complete.
Nevertheless, the tube, which was slightly out-of-round, carried
more than the computed value for a perfect tube with edges simply
supported.
The test data are plotted in Fig. 33 together with computed
values. The values of deflection are appreciably smaller than the
computed values based on the measured 0.008 in. initial radial de-
viations from a round cylinder with fixed edges. Since the initial
out-of-roundness was small, reasonable errors in measuring this value
would be more than enough to account for the discrepancy. At a
pressure of about 8.9 lb. per sq. in., the measured deflections show
a rapid increase which indicates a value of We less than that for
fixed edges.
VIII. SUMMARY AND CONCLUSIONS
29. Summary of Analytical Results.-The collapsing pressure per
unit of area, We, for thin-walled round cylinders under a uniform
external pressure is equal to the product of the collapsing stiffness,
KE, and the cube of the t/D ratio (thickness to diameter) of the
cylinder:
W, = KE (t/D)3
E for linear elastic action (Hooke's law) is the modulus of elas-
ticity of the material in the shell, and for non-linear or plastic be-
havior a modified modulus denoted by E' is used.
Curves showing values of K for varying t/D and L/R (length to
radius) ratios under several load and edge conditions are given in the
figures listed:
Load Edges at Ends Figure
Uniform pressure on sides only Simply supported 4
Uniform pressure on sides only Fixed 6
Uniform pressure on sides and ends Simply supported 8
Uniform pressure on sides and ends Fixed 9
Axial End Load.-For linear elastic behavior the collapsing force
Pc per unit of length of circumference, for a round cylinder under an
axial load distributed uniformly around the circumference, is given
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by Equation (47). For small values of t/R (thickness to radius)
and Poisson's ratio u = 0.30 Equation (47) reduces to
Sc = 0.6E-- (49)
R
Pc
where Sc = - is the stress per unit area in the shell at the col-
t
lapsing load.
Stiffened Cylinders.-For round cylinders stiffened with rings, the
collapsing pressure is computed from We = KE(t/D)3 for a length
of cylinder L,, between the rings, provided the rings are sufficiently
strong and stiff so that they do not fail. The flexural stiffness,
EI,, of the stiffener which is necessary to withstand a pressure W,
is given by Equation (53),
W,D 3L,
El, = -- *
24
I, is the moment of inertia of the ring section and that part of the
shell which has been assumed to act with the ring.
Cylinders "Out-of-Round".-The radial deflection of a cylinder
slightly out-of-round proceeds gradually to the final failure. Under
a uniform external pressure, W, the deflection A is expressed by
Equation (55),
WAo
A=
W, - W
Ao is the maximum initial deviation of the out-of-round cylinder
from a round one. The initial radial deviations are of the same
general pattern as the finally deflected shell.
The maximum circumferential stress in the shell is given by Equa-
tion (57), and the maximum pressure that causes a given stress is
expressed by Equation (61).
Non-linear or Plastic Action.-If the action is non-linear or plas-
tic, a modified modulus of elasticity E' is proposed for use in the
collapsing formula for We. Two cases are of note: (1) when the
average stress in the shell or stiffener is less than the proportional
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limit Q* of the material the modulus is reduced according to Equa-
tion (67) page 43.
E' = E 1 - 4 - $
in which S is the maximum stress (direct and bending) in the shell,
S, is the modulus of rupture of the material, and S1 is the average
stress in the shell; (2) when the average stress is greater than the
proportional limit, E' is estimated to be equal to the tangent modulus
at a stress equal to the average stress. The use of the modified
modulus is illustrated in the computations for the collapsing pres-
sure of an actual tube, specimen No. 1, on page 62.
For combined external pressure and longitudinal stress the effect
of biaxial stress upon the inception and nature of plastic action must
be considered. The stress causing a start of plastic action under
combined stress may be computed from Equation (69),
S2-S 1SSp + Sp2 = S 2.
30. Comparison of Analytical With Experimental Behavior of Alu-
minum Tubes.-The values compared are the following ratios ob-
tained from Tables 2 and 3.
S = average collapsing pressure by analysis, simply supported
edges.
F = average collapsing pressure by analysis, fixed edges.
T = average collapsing pressure by test.
Number of
Load Roundness Values T/S F/T F/S
Averaged
Sides only Round and out- 15 1.05 1.33 1.40
of-round
Round 5 1.04 1.36 1.43
Out-of-round 10 1.16 1.17 1.36
Sides and Ends Round and out- 14 1.02 1.44 1.47
of-round
Round 4 1.14 1.31 1.50
Out-of-round 10 1.16 1.20 1.40
No tests of shells with end pressure only were made as a part of this investigation. Tests re-
ported in Bulletins 255 and 292 of the Engineering Experiment Station of the University of Illinois
resulted in a wrinkling stress considerably smaller than 8& given by Equation (49).
*See Section 6, Notation.
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31. Conclusions.-From the analytical results, the test data, and
a comparison thereof, the following conclusions are drawn:
A. Effect of Edge Restraint
(1) A fixed-edge condition as expressed analytically has a marked
effect on the collapsing pressure of a round thin-walled cylinder
with an L/R ratio between 1 and 80 and a D/t ratio between 20
and 1000, for uniform side pressure only or uniform side and end
pressure.
For a given collapsing pressure the maximum effect is equivalent
to increasing the L/R ratio by 40 to 50 per cent.
(2) Analytical values of the collapsing pressure for both round
and out-of-round cylinders with edges simply supported are on the
average less than the values obtained by test for both types of load,
uniform side pressure only, and uniform side and end pressure.
(3) The analytical values of the collapsing pressure for both round
and out-of-round cylinders with fixed edges are considerably higher
on the average than the test values obtained with both types of load.
(4) Test results indicate that some degree of restraint existed in
most of the tests but the degree of restraint could not be definitely
determined.
B. Effect of Out-of-Roundness
(5) Analytically the effect of out-of-roundness varies with the
ratio of initial radial deflection Ao to the thickness t of the shell,
the L/R (length-radius) ratio, the t/D (thickness-diameter) ratio,
the elastic limit of the material, and the bending modulus of failure
of the material. An expression of the effect is obtained for an initial
out-of-roundness of the same pattern as the deflected shell at buckling.
C. Effect of Ring Stiffeners
(7) Analytically the collapsing pressure of thin-walled cylinders
stiffened with circumferential rings may be computed as the col-
lapsing pressure of the short lengths of cylinder between the stiffening
rings, provided the stiffeners have sufficient strength and stiffness.
A rigorous determination demands that uncertainties as to bending
stiffness in the stiffened shell and as to kind of stress distribution
in the stiffeners be removed. Tests on tubes with stiffeners are too
few in number to draw definite conclusions.
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D. Effect of Inelastic Action
(8) The expressions for the collapsing pressure may be applied
to shells stressed beyond the elastic limit of the material if a modified
"effective" modulus of elasticity is used.
The use of an empirical formula such as Equation (67) based
upon the behavior of straight members under compressive loads for
taking account of inelastic action in the curved shell needs further
justification but may serve for design purposes until a more satis-
factory method is developed.
E. Final
(9) The results obtained point to the need for the study of rather
sharply curved members under buckling loads when the maximum
stress in the member exceeds the elastic limit of the material; for
further study on the effect of stiffeners on the collapsing pressure
of tubes; for tests on tubes with measured restraints as to displace-
ments and rotations at the ends; for further analytical and experi-
mental investigation of the out-of-round tubes; and for tests on
tubes subjected to combined external pressure and axial loads,
particularly tensile loads.
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